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The question of determining general solutions of an algebraic ordinary differential equation (AODE) has a long history, dating back to the work of L. Fuchs
and H. Poincaré. Rational general solutions have been investigated by Feng and
Gao ([2]), Chen and Ma ([1]) and Ngô and Winkler ([7]). Consider F(x, y, y0 ) = 0,
a first-order AODE, where F is an irreducible polynomial in three variables over
an algebraically closed field K. Replacing y0 by a new indeterminate z, we obtain an algebraic equation F(x, y, z) = 0 which defines a plane algebraic curve
C := {(a, b) ∈ A2 (K(x)) | F(x, a, b) = 0} over the field K(x) of algebraic functions. We call it the corresponding algebraic curve. A parametrization of C is
a rational map P : A1 (K(x)) → C such that the image of P is dense in C with respect to Zariski topology. If furthermore P is a birational equivalence, it is called
a proper parametrization. It is well-known that exactly the curves of genus 0 are
parametrizable. A parametrization is represented as a pair of rational functions, say
P = (p1 (t), p2 (t)), with coefficients in K(x). If the curve C is parametrizable, then
it has a proper parametrization P whose coefficients lie in an algebraic extension
field of K(x) of degree at most 2 over K(x). A parametrization is called optimal if
its coefficients lie in an algebraic extension field of lowest algebraic extension degree. In [4, 8] we find algorithms for computing optimal parametrizations over the
rational numbers Q as well as Q(x). We have extended this optimal parametrization
algorithm to work over K(x), and we see that a rational curve defined over K(x)
can always be parametrized over K(x).
A rational solution of the differential equation F(x, y, y0 ) = 0 is a rational function y(x) ∈ K(x), such that F(x, y(x), y0 (x)) = 0. A solution y(x) of the AODE is
called a strong rational general solution, if y = y(x, c) ∈ K(x, c) \ K(x) where c is a
transcendental constant over K(x).
We show that if the differential equation F(x, y, y0 ) = 0 has a strong rational
general solution, then its corresponding curve is of genus 0. Furthermore, if the
corresponding algebraic curve of the differential equation F(x, y, y0 ) = 0 is of genus
0, and P = (p1 , p2 ) ∈ K(x,t)2 is an optimal parametrization, then there is a oneto-one correspondence between strong rational general solutions of the differential
equation F(x, y, y0 ) = 0 and strong rational general solutions of a quasi-linear associated AODE. Since the associated AODE is of first order and of first degree, we
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know by Fuchs [3] that it admits a strong rational general solution only if it is a
linear or a Riccati equation. A linear equation of order one can be solved easily by
integration. For Riccati equations, we refer to a complete algorithm for finding all
rational solutions provided by Kovacic [6]. Hence, a complete decision algorithm
for the existence of a strong rational general solution of a first-order AODE can be
given.
Example. (Example 1.537 in Kamke [5]) We consider the differential equation
F(x, y, y0 ) = (xy0 − y)3 + x6 y0 − 2x5 y = 0. Its corresponding curve has a strong
rational parametrization
 3 5 2 6

t x − t x + (t − x)3 2t 3 x5 − 2t 2 x6 + (t − x)3
P(t) = −
,−
.
t 3 x5
t 3 x6
Hence, the associated differential equation with respect to P is ω 0 = x12 ω(2ω − x).
This is a Riccati equation and we can determine a rational general solution ω(x) =
x
. Hence, the differential equation F(x, y, y0 ) = 0 has the rational general solu1+cx2
tion y(x) = cx(x + c2 ).
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