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Symbol

A few definitions need to be made by the user. Type

?CoeffQ, ?Specialization, and ?CyclicModules for more information.

Basic definitions

Infe]:=

Infe]:=

Specialization = {R » {%, R}, & » {"E", &}};

CyclicModules = {{x, 1}, {"E", Eval}, {D, Diff}, {"I", Int}};

Bimodule structure

In[«]:=

Infe]:=

Prod[a___, b: Diff | Int | Eval, (c_?MemberQ,) Prod[], d___] :=
Prod[a, cProd[], b, d]
Prod[a___, b_?MemberQ,, (c_?MemberQ,) Prod[],d___] :
Prod[a___, b_?MemberQ,, (c_?MemberQ,) Prod[], d___] :=Prod[a, mul[b, c], d]
Prod[a___, (b_?MemberQ,) Prod[], (c_?MemberQ,) Prod[], d___] :=
Prod[a, mul[b, c] «Prod[], d]

Prod[a, cProd[], b, d]

Prod[ (a_?MemberQ,) Prod[], b_?MemberQ,, c___] :=Prod[mul[a, b], c]

Membership checks

Infe]:=

Infe]:=

In[«]:=

Check for constants:
MemberQ, [f_] := (Diff[f] === 0)
Check for membership in the function algebra:

MemberQR[f_?MemberQ,(] := True
MemberQ,[R[_Integer]] := True

MemberQ, [Diff[f_?MemberQ.]] := True

MemberQ, [Int[f_2?MemberQ.]] := True

MemberQ, [f_mul] := And @@ (MemberQ, /@ (Listee f))

Check for functionals:

MemberQg[Eval] := True
MemberQz[&[_Integer]] := True
(xMemberQg [mul[f__/;MemberQ, [mul[f]1],¢_?MemberQ,]]:=Truex)

Check for membership in the other cyclic modules:
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1= MemberQ, [Diff] := True
inf-= MemberQurw [INt] := True

inf-= MemberQugs [Eval] := True
MemberQug. [mul[f__ /5 MemberQ, [mul[f]], Eval]] := True

Function algebra

Multiplication

m-j=mulfa___, b Plus, c___] := (mulfa, #, c] &/@b)
mul[a___, b_Integer, c__] :=bmul[a, c]
mul[a__, b_Integer, c___] :=bmulJfa, c]

] :t=dmul[a, b, c]

mulfa___, mul[b__],c___ 1 :=mulfa, b, c]

mul[a___, d_Integerxb_, c

mulf[a_] :=a

Differentiation

= DifF[f_?NumericQ] :=0
Diff[ (¢_?MemberQ) [f_]] :=0
Diff[Int[f_2?MemberQ.]] :=f
Diff[a_mul] := Sum[MapAt[Diff, a, i], {i, Length[a]}]

Integration

nop= Int[f_? (MemberQ, [#] && (# =1=1) &) ] :=mul[f, Int[1]]
Int[mul[f__, c_?MemberQ,]] :=mul[Int[mul[f]], c]
Int[Diff[f_?MemberQ.]] := f-Eval[f]

mep= Int /e mulla___, Int[f_]1, Int[g_1,b__ 1 :=mul[a, Int[mul[Int[f], g]], b] +
mul[a, Int[mul[f, Int[g]]], b] +mul[a, Eval[Hold[mul[Int[f], Int[g]]]], b]

Infe]:= mu'L[a___, Int[1], c_?MemberQ,, b ] t=mulf[a, c, Int[1], b]

Induced evaluation

n - Eval[f_?MemberQ,| := f
Eval[Int[f_?MemberQ.]] :=0

Functionals

n- @ /: @[1_Integer] [mul[f__, c_?MemberQ,]] :=mul[a[i][mul[f]], c]
& /: @[i_Integer][mul[c_?MemberQ,, f__]] :=mul[c, a[i][mul[f]]]

n- @/t @[1_Integer] [f_? (MemberQ, [#] && (# =1=1) &)] :=mul[f, @[i][1]]
(»@/:28[i_Integer][f_? (MemberQ, [#]&& (#=1=1)&)]|:=mul[&[i][1],f]*)
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n- mul[a___, Except[@[_Integer][1], c_?MemberQ,|, &[i_Integer][1], b___] :=
mul[a, &[i][1], c, b]
(smul[a___,2[i_Integer][1],Except[&[_Integer][1],c_?MemberQ,],b___]:=
mul[a,c,®[i][1],b]*)

5 &[j_Integer][1], &[i_Integer][1], b

mulfa, @[i][1], €[j]1[1], b]

mulla 1753 > :=

Defining reduction system

1= heg [f_, €_1 ¢=Prod[mul[f, g]]
hpg [Diff, f_]1 := Prod[Diff[f]] + Prod[f, Diff]
hpy [Diff, Int] := Prod[]
hip[Int, Diff] := Prod[] - Prod[Eval]
hpgg [Diff, f_, ©_] := Prod[Diff[f], ¢]
higs [INt, f_, ¢_] := Prod[Int[f], ¢]
hers [0_, T_, ¥_]1 :=Prod[e[f] «Prod[], ¥]

1= hge[k_] = Prod[k Prod[]]

In[<]:= REdSVS = {{{Rr, R}, hRR}’ {{D, R}, hDR]’, {{D, "1I"}, hDI}, {{"1", b}, hID]’,
{{D’ R’ §}’ hDRE}’ {{"I"’ R’ §}’ hIRi}’ {{§3 R’ §]’3 h§R§}3 {{7(}3 h.7(}};

Complete reduction system

= hgr[e_, Int] := 0
hps [Diff, ©_] :=0
hiz [INnt, ¢_] :=Prod[Int[1], ¢]
hee [0_, ¥_] :=Prod[e[1] «Prod[], ¥]
higp [INt, f_, Diff] := Prod[f] - Prod[Eval, f] - Prod[Int, Diff[f]]
hizzr [Int, f_, Int] :=
Prod[Int[f], Int] - Prod[Int, Int[f]] - Prod[Eval, Int[f], Int]
hi;[Int, Int] := Prod[Int[1], Int] - Prod[Int, Int[1]] - Prod[Eval, Int[1], Int]

In[e]:= Red5y5 = {{{x}, h?(}’ {{Rr, R}, hRR}’ {{D’ R}, hDR},
{{Da §}a hD@]‘a {{D’ "I"}a hDI}’ {{§’ R’ §}’ hw@}’ {{§a §}’ hiﬁ}’
{{"E", "I"}s hEI}: {{"I"s R, D}s hIRD}: {{"I"s R, i}s h1ﬂ§}s
{{"I", R’ "I"}; hIRI}, {{"I"’ D}’ hID}’ {{"I"s §}’ hI§}, {{"I", "I"}’ hII}};
= CheckResolvability[RedSys, Count » True, Print -» True]
54 ambiguities in total
3 ambiguities have all S-polynomials equal to zero
1: Overlap[{R, R, R}, {R}, {R}]
{{RJ 7?}; h????}
{{R, R}, heg}

2: Overlap[{D, R, R}, {R}, {D}]
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{D, R}, hog}
{Ry R}, hae)
{D, R}, hog}
{Ry R}, heg}
{Ry R}, hee}
: Overlap[{D, &, R, 3}, {R, &}, {D}]
(D, @}, hps}

: Overlap[{D, &, &}, {&}, {D}]

{D, @}, hos}

: Overlap[{D, I, R, D}, {R, D}, {D}]
{D, R}, hog}

{D, @}, hos}

{D) I}J hDI}

{

{

{

{

{

3

{

4

{

5

{

{

{

6: Overlap[{D, I, R, &}, {R, &}, {D}]
{{D, R}, hog}

{{D, @}, hos}

7: Overlap[{D, I, R, I}, {R, I}, {D}]
{{D, I}, hor}
{{D, R}, hog}
{{D, @}, hps}
{{D, I}, hpr}
8: Overlap[{D, I, D}, {D}, {D}]

{{D, @}, hos}

9: Overlap[{D, I, &}, {®}, {D}]

{{D, R}, hog}

{1x}, he}

{{D, @}, hps}

10: Overlap[{D, I, I}, {I}, {D}]

11: Overlap[{®, R, &, R, &}, {R, &}, {&, R}]
{{§: Ry @}, hiﬂe@}
{{¢: Ry @}, h@m}

12: Overlap[{&, R, &, &}, {&}, {&, R}]



{{@J ﬂ’ é}; h@?@}

{{is o}, h@}

13: Overlap[{®, &,

{{§: @}, h@}

{{¢: Ry @}, h@m}

14: Overlap[{e, &,

{{§, @}, h@}

{{@; o}, h@}

15: Overlap[{E, I,

{{2, 3}, hes

{{E, I}, her}

16: Overlap[{E, I,
{{¢, Ry @}, h@a@}

17: Overlap[{E, I,

{{E) I}J hEI}
{{2, 3}, hss}

18: Overlap[{E, I,

{{§, @}, h@}

19: Overlap[{E, I,
{{@’ W} é}; h@%’@}

20: Overlap[{E, I,

{{E, I}s hEI}

{{@; e}, h@}

21: Overlap[{I, R,

22: Overlap[{I, R, D, &}, {&}, {I, R}]
{{@J 7€7 é}; h@?@}

{{I, (R, Q}, hIR@}

{{x} 5 e}

23: Overlap[{I, R, D, I}, {I}, {I, R}]

{{Is R; I}s hIRI}

{17}, hy}

R, @}, {R, @}, {2}]

o}, {2}, {®}]

R, D}, {R, D}, {E}]

R, @}, {R, @}, {E}]

Ry I}, {R, I}, {E}]

D}, {D}, {E}]

o}, {2}, {E}]

I}, {1}, {E}]

D, R}, {R}, {I, R}]
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{17}, huc}

{17}, hy}

{{E, I}, her}

24: Overlap[{I, R, &, R, &}, {R, &}, {I, R}]
{1, ®, @}, hige}

{{2, R, @}, hogs}

25: Overlap[{I, R, &, 3}, {3}, {I, R}]

{{I, ®, @}, h1zs}

{{2, @}, has}

26: Overlap[{I, R, I, R, D}, {R, D}, {I, R}]
{Ry R}, heg}

{Ry R}, heg}

{I, R, @}, hige

{I, R, I}, hisr

}
}
{I, ®, D}, hreo}
}

{

{

{

{

{

{{I, », D}, higp
{{Rs R}, hee}
{{R, R}, hgr}
{{®, R}, heg}
{{I, ®, D}, hieo}

{{2, R, @}, hogs}

27: Overlap[{I, R, I, R, &}, {R, &}, {I, R}]
{{Rs R}, hee}
{{R, R}, hee}
{{I, », @}, hizs}

{{I, R, @}, h1zs}

{{I, 7, @}, his}

{{I, ®, @}, h1zs}

{{R, R}, hee}

{{Rs R}, hee}

({7}, hy}

{17}, hy}

{{2, R, @}, hogs}

{{2, R, @}, hogs}

({2, @}, hes}

28: Overlap[{I, ®, I, R, I}, {R, I}, {I, R}]

{{'Rs R}, hveve}
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{{I, R, I}, hger}
{{®, R}, heg}
{{I, », I}, hrer}
{{I, », I}, hrer}
{{I, ®, @}, hies}
{{®, R}, hee}
{{I, », I}, hrer}
{{I, ®, I}, hger}
{{Rr, R}, hee}

{

{

{

{

{

{

{Ry R}, hee}

29: Overlap[{I, ®, I, D}, {D}, {I, R}]
{{I, ®, D}, higp}
{{I, ®, 2}, h1zs}
{{I, D}, hm}
{{I, D}, hmo}
{12, R, @}, hogs}

30: Overlap[{I, R, I, &}, {&}, {I, R}]

31: Overlap[{I, R, I, I}, {I}, {I, R}]
{{I’ ﬁ: I}’ hIﬂ?I}

{{I: I}: hII}
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32: Overlap[{I, D,

{1, T3, hur}
{{I, », I}, hrer}
{{Rs R}, hee}
{{I, ®, @}, higs}
{{Rs R}, hee}
{{I, », I}, hrer}
{{Rs R}, hee}
{{R, R}, her}
{{2, R, @}, hegs}
{173, e}

({7}, ha}

{17}, hy}

{{E, I}, her}

{{I, R, D}, hI?%D}

33: Overlap[{I, D,

{{@; e}, h@}

34: Overlap[{I, D,

{{E, I}’ hEI}

35: Overlap[{I, 3,

{{IJ §}J hI@}

{{2, R, @}, hogs}

36: Overlap[{I, &,

{{§, e}, h@}

{{I: é}a hIa}}

37: Overlap[{I, I,

{{I, @}, his}
{{I, I}, hir}
{{R, R}, heg}
{{I, ®, D}, hieo}
{{I, », D}, hreo}
{{Rs R}, hee}
{{R, R}, hee}
{{Rs R}, hee}
{{I, ®, D}, hizo}
{{2, R, @}, hegs}

R}, {R}, {I}]

e}, {2}, {I}]

Iy, (I}, {I}]

R, @}, {R, @}, {I}]

e}, {2}, {I}]

R, D}, {R, D}, {I}]

38: Overlap[{I, I, R, &}, {R, &}, {I}]
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{{I, ®, @}, hizs}

{{Rs R}, hge)

{{I, ®, @}, hizse}

{1, ®, @}, hige}

{{I, ®, @}, his}

{{®, R}, hee}

[{”s R}, hee}

{17}, huc}

{17}, hy}

{{2, ®, @}, hges}

{{2, R, @}, hogs}

{12, @}, hss}

39: Overlap[{I, I, R, I}, {R, I}, {I}]
{{I, I}, hi}
({1, ®, I}, hger}
{{I, 8}, his}
{{Rs R}, hee}
{{I, ®, I}, hier}
{{I, ®, I}, hrer}
{{”, R}, hee}
{{I, », I}, hrer}
{17, R}, hee}

{

{

{

{

{

{

{RJ R} H h????}

40: Overlap[{I, I, D}, {D}, {I}]
{11, @}, his}

{{I, ®, D}, hizo}

{{I, D}, hpp}

{{I, D}, hmo}

{1x},5 ha}

{{2, R, @}, hogs}

41: Overlap[{I, I, &}, {®}, {I}]

{{I: R) é}; hI%’@}
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{{I, @}, h1s}
{{I, @}, hia}
{{”, R}, hee}
{{Rs R}, hee}
{1x}, he}

({7}, hy}

{{e, ®, ®), hogs
{{2, 8}, hss}

42: Overlap[{I, I, I}, {I}, {I}]

43: SpecialOverlap[{D, E, I}, {I}, {D}]

44: SpecialOverlap[{®, R, E, I}, {I}, {&, R}]
{{E, I}, her}

45: SpecialOverlap[{®, E, I}, {I}, {®}]

{{E, I}, her}

46: SpecialOverlap[{I, R, E, I}, {I}, {I, R}]
{{E, I}, her}

47: SpecialOverlap[{I, E, I}, (I}, {I}]

{{E, I}, her}

48: SpecialInclusion[{%, R}, {}, {R}]

49: SpecialInclusion[{R, X}, {R}, {}]

50: SpecialInclusion[{D, ¥}, {D}, {}]

{{x}, he}

51: SpecialInclusion[{&, %, &}, {&}, {&}]

{{i: e}, h@}



52: SpecialInclusion[{I, x, D}, {I}, {D}]
{17}, huc}

{17}, hy}

{{I, D}, hm}

53: SpecialInclusion[{I, %, &}, {I}, {®}]
{11, @), his}

54: Speciallnclusion[{I, «, I}, {I}, {I}]
{{1, 1}, hi1}

54 ambiguities are resolvable

oufe}= {}

Include multiplicativity of some functionals

New basic definitions

- Specialization = {® » {x, R}, & » {"E", am, &}};

Membership checks

1= MemberQgz[¢_?MemberQ,,] := True

1= MemberQg, [@m[_Integer]] := True

Function algebra

n-p= &8m /s (8m[i_Integer]) [f_mul] := Map[&m[i], f]
am /: (am[_Integer]) [f_?MemberQ,| := f

Additional reduction rule

1= he,g[@_, f_] :=Prod[e[f] < Prod[], ¢]

-1~ AppendTo[RedSys, {{@m, R}, hg z}]

Out[+]= {{{W}’h’K}’ {{R, R}’h’kﬂ}, {{D, 7e}’hD’R}; {{D, ‘i’},hDé}’ {{D, I};hDI}’
{{éatRy @}’h@@}’ {{@;@}’hié}y {{E, I}’hEI}) {{I, R’D},hIRD}a {{I: (R;aj}ahl‘ké}’
{{I; R, I};hIRI}; {{I; D},hID}, {{I’ @}shlé}’ {{I’ I})hII}’ {{@m, (R};hﬂém}}

n-= CheckResolvability[RedSys, Count -» True]
62 ambiguities in total
4 ambiguities have all S-polynomials equal to zero

62 ambiguities are resolvable

oufe}= {}
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Multiplicative induced evaluation
n - Specialization = {®R » {x, R}, & » {"E", &m, &}, am > {"E"}};
= MemberQg, [Eval] := True
n-= CheckResolvability[RedSys, Count -» True]
62 ambiguities in total
4 ambiguities have all S-polynomials equal to zero

62 ambiguities are resolvable

ouel= {}



