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Theorem 2.1 (Hartwig original version)

Let A, B, C with Moore-Penrose inverses AT, BT, CT be such that M= AB C is defined. Let
P=AT"ABCC"'and Q=CC"B' AT A. Then, the following are equivalent:

i) Mt =Ct BT AT;

ii)Q € P{1, 2} and both of A*APQ and Q P C C* are Hermitian;

iii) Q € P{1, 2} and both of A*APQand QP CC* are EP;

iv) Q e P{1}, R(A* AP) = R(Q"), and R(C C* P*) = R(Q);

V) PQ = (PQ)* R(A"AP)=R(Q"), and R(C C* P*) = R(Q);

= Q = {{a, 3, 4}, {adj[a], 4, 3}, {aa, 4, 3}, {adj[aa], 3, 4},
{b, 2, 3}, {adj[b], 3, 2}, {bb, 3, 2}, {adj[bb], 2, 3},
{c, 1, 2}, {adj[c], 2, 1}, {cc, 2, 1}, {adj[cc], 1, 2},
{mm, 4, 1}, {adj[mm], 1, 4},
{u, 3, 3}, {adj[u], 3, 3}, {v, 2, 2}, {adj[Vv], 2, 2},
{w, 2, 2}, {adj[w], 2, 2}, {s, 3, 3}, {adj[s], 3, 3}};
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;= PinvA = Pinv[a, aa]l;
PinvB = Pinv[b, bb];
PinvC = Pinv[c, cc];

p = aa*xa*xbxxc*xcc;
q = C*xCCx*bbxxaaxxaj;

m= axxbxxc;y

PinvM = Pinv[m, mm];

condl = {mm-cc x%bb % aa};

cond2 = {p*xqQ**xpP-pP, q*xpPrxq-(, adj[a] ** axxp*x*xq-adj[adj[a] **xa*xp*xq],
qxxp*xCxxadj[c] -adj[g**xpxxcxxadj[c]l]};

cond3 = {p*xq*x*pP-pP, q*xP*x*xq-(,
adj[a]l **axxp*xq*xU-adj[adj[a] **»axxp*xxq],
adj[a]l **axxp*xq-adj[adj[a] **x axxpxxq] ** S,
qxxp*xxCxxadj[c] xxv-adj[gq**xp**xcxxadj[c]],
q*xpxxCxxadj[c] -adj[q*x*px*xCxxadj[c]] **xw};

cond4 = {p*xgq*x*xp-p, adj[q] -adj[a] **axxp**xV, Cxxadj[c] *xadj[p] -q=*=*u,
adj[q] **w-adj[a] **a*xp, Ccxxadj[c] *xadj[p] **Ss-q};

cond5 = {p*xg**xpxxq-p**xq, adj[q] -adj[a] **xa*xp*xV, Cxxadj[c] »*adj[p] -
qx**xU, adj[q] **w-adj[a] **xa*xp, C*xadj[c] »xadj[p] *x*s-q};

U; = bxxcxxadj[c] »xadj[b] *xadj[a] »xadj[aa]l;

u, = adj[bb] *xadj[cc] **x cC *x bb xx aa *x a;
vy = adj[b] *»adj[a] **ax*xb %% Cc**xcc;
V, = bbxx aaxxadj[aa] »x adj[bb] ** adj[cc] »*adj[c];

cond4Goal = {p**xgq*xp-p, adj[a] **axxp-adj[q] ** Vv,
adj[q] -adj[a] **xa**p **x V;,
cxxadj[c] *xadj[p] -q**u;,
gq-cxxadj[c] **xadj[p] »* U}
cond5Goal = {p**xq*xpPxxq-pxxqd, adj[a] *xxa*xxp-adj[q] **V,,
adj[gq]l -adj[a]l **xa**p *x V,,
c*xadj[c] »xadj[p] -g**uy,
q-cxxadj[c] *xadj[p] *»*uy};
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(i) <= (ii)
(i) => (ii)

= assumptions = Join[PinvA, PinvB, PinvC, PinvM, condl] // AddAdj;
certificate = Certify[assumptions, cond2, Q, MultiLex -» True, MaxDeg - 15];
(* Check if certificate is correct and only contains integer coefficients x)

MultiplyOut /@ certificate === cond2
IntegerCoeffQ[certificate]

ouf-]= True

ouf-]= True

(if) => (i)
n-= assumptions = Join[PinvA, PinvB, PinvC, PinvM, cond2] // AddAdj;
certificate = Certify[assumptions, condl, Q, MultiLex -» True, MaxDeg - 15];
(* Check 1if certificate is correct and only contains integer coefficients x)

MultiplyOut /@ certificate === condl
IntegerCoeffQ[certificate]

ouf-]= True

ouf-]= True
(ii) <=> (iii)
(i) => (iii)

n-= (* This holds trivially =)
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(iii) => (i)
in-]= assumptions = Join[PinvA, PinvB, PinvC, PinvM, cond3] // AddAdj;
certificate = Certify[assumptions, cond2, Q, MaxDeg -» 20, MultiLex - True];
(¥ Check if certificate is correct and only contains integer coefficients x)

MultiplyOut /@certificate === cond2
IntegerCoeffQ[certificate]

ou-]= True

ou-]= True
(i) <=>(iv)

(i) => (iv)

n-= assumptions = Join[PinvA, PinvB, PinvC, PinvM, condl] // AddAdj;
certificate = Certify[assumptions, cond4Goal, Q, MaxDeg -» 15, MultiLex -» True];
(* Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@certificate === cond4Goal
IntegerCoeffQ[certificate]

ouf-]= True

ouf-]= True

(iv) => (i)

= assumptions = Join[PinvA, PinvB, PinvC, PinvM, cond4] // AddAdj;
certificate = Certify[assumptions, condl, Q, MaxDeg -» 15, MultiLex -» True];
(* Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === condl
IntegerCoeffQ[certificate]

ouf-]= True

ouf-]= True
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(i) <=>(v)

(i) => (v)

= assumptions = Join[PinvA, PinvB, PinvC, PinvM, condl] // AddAdj;
certificate = Certify[assumptions, cond5Goal, Q, MultiLex -» True, MaxDeg - 15];
(* Check if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === cond5Goal
IntegerCoeffQ[certificate]

ouf-]= True

ouf-]= True

(v) => (i) (&& (ii) - this speeds up the computation due to a different monomial
ordering)

in-]= assumptions = Join[PinvA, PinvB, PinvC, PinvM, cond5] // AddAdj;
certificate =
Certify[assumptions, Join[condl, cond2], Q, MultiLex -» True, MaxDeg -» 15];
(* Check if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === Join[condl, cond2]
IntegerCoeffQ[certificate]

ouf-]= True

ouf-]= True

Theorem 2.2

To prove Theorem 2.2, the computations of Theorem 2.1 can be adopted.

Theorem 2.3

Let A, B, C with Moore-Penrose inverses A", CT and let M = AB C. Furthermore, let B be such that
Q=CC'BA" Aexists and let P= AT ABC CT. Then, the following are equivalent:

i) M is Moore-Penrose invertible and M' = Ct B A;

iv) Q € P{1}, R(A* AP) 2 R(Q*), and R(C C* P*) c R(Q);

v) M is right *-cancellable, PQ = (P Q)?, R(A* AP) 2 R(Q*), and R(C C* P*) c R(Q);

vi) Q e P{2}, R(A* AP) 2 R(Q*), and R(C C* P*) c R(Q);
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= Q = {{a, 3, 4}, {adj[a], 4, 3}, {aa, 4, 3}, {adj[aa], 3, 4},
{b, 2, 3}, {adj[b], 3, 2}, {bb, 3, 2}, {adj[bb], 2, 3},
{c, 1, 2}, {adj[c], 2, 1}, {cc, 2, 1}, {adj[cc], 1, 2},
{mm, 4, 1}, {adj[mm], 1, 4}, {u, 3, 3}, {adj[u], 3, 3},
{v, 2, 2}, {adj[Vv], 2, 2}, {z, 4, 4}, {adj[z], 4, 4}};

n-r= PinvA = Pinv[a, aal;
PinvC = Pinv[c, cc];
p = aa*xa*xxbxxc*xcc;
q = C*xCCx*bb*xaaxxaj;
m= axxbxxc;y
rangeInclusions = {adj[q] -adj[a] **axxp**xV, Cxxadj[c] xxadj[p] -q**xu};
condl = Pinv[m, cc % bb xx aa];
cond4 = {p**xgq**p-p};
cond5 = {px*xQxxpP*xq-pP*xq};
cond6 = {q*x*px*xq-q};
U; = bxxcxxadj[c] »xadj[b] *xadj[a] **adj[aa]l;
V, = bbxx aaxxadj[aa] »x adj[bb] ** adj[cc] »* adj[c];
rangeInclusionsGoal =
{adj[q] -adj[a] **a*xp*x*V,, Cxxadj[c] *xadj[p] - q**xU1};

(i) <=> (v

(i) => (iv)

n-= assumptions = Join[PinvA, PinvC, condl] // AddAdj;
certificate = Certify[assumptions,
Join[cond4, rangeInclusionsGoal], Q, MultiLex -» True, MaxDeg -» 15] ;
(* Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === Join[cond4, rangeInclusionsGoal]
IntegerCoeffQ[certificate]

ou-]= True

ouf-]= True

(iv) => (i)

mn-= assumptions = Join[PinvA, PinvC, rangeInclusions, cond4] // AddAdj;
certificate = Certify[assumptions, condl, Q, MultiLex - True, MaxDeg - 15];
(* Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@certificate === condl
IntegerCoeffQ[certificate]
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ouf-]= True

ouf-]= True
(i) <=>(v)

(v) => (i)

m1= (% First, we show that m = ccxxbbxxaa is an dnner dinverse of m x)
(+ To this end, we show that our assumptions imply that mm*- mmmm* = ©
holds and then apply the x-cancellability of m x)
assumptions = Join[PinvA, PinvC, rangeInclusions, cond5] // AddAdj;
claim = {m*xadj[m] -mx%xcc*xxbbxxaax*xmxxadj[m]};
certificatel = Certify[assumptions, claim, Q, MultiLex -» True, MaxDeg - 15];
(* Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificatel === claim
IntegerCoeffQ[certificatel]

ouf-]= True

ouf-]= True

m- (* Now, we add the information that m

is an inner 1inverse of m to our assumptions =x)

(* Then, the rest runs through automatically =)
assumptionsNew = Append[assumptions, m-mx*% cC xx bb xx aaxxm] // AddAdj;
certificate = Certify[assumptionsNew, condl, Q, MultiLex -» True, MaxDeg -» 15];
(* Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === condl
IntegerCoeffQ[certificate]
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ouf-]= True

ouf-]= True

(i) => (v)

n-= (* Here, we have to add the information about =
-cancellability to the assumptions and the claimed properties =x)
assumptionCancel = {zx*mx*%adj[m]};
claimCancel = {zZx*xm};
assumptions = Join[PinvA, PinvC, condl, assumptionCancel] // AddAdj;
certificate

Certify[assumptions, Join[claimCancel, cond5, rangeInclusionsGoal],
Q, MultiLex - True, MaxDeg - 15];
(* Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === Join[claimCancel, cond5, rangeInclusionsGoal]
IntegerCoeffQ[certificate]

outf-]= True

outf-]= True
(i) <=> (vi)

(i) => (vi)

n-= assumptions = Join[PinvA, PinvC, condl] // AddAdj;
certificate = Certify[assumptions,
Join[cond6, rangeInclusionsGoal], Q, MultiLex -» True, MaxDeg - 15];
(* Check if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === Join[cond6, rangeInclusionsGoal]
IntegerCoeffQ[certificate]

ouf-]= True

ouf-]= True



Outf«]=

Outf«]=
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(vi) => (i)

in-]= assumptions = Join[PinvA, PinvC, rangeInclusions, cond6] // AddAdj;

certificate = Certify[assumptions, condl, Q, MultiLex -» True, MaxDeg - 15] ;

(¥ Check if certificate is correct and only contains integer coefficients x)
MultiplyOut /@certificate === condl
IntegerCoeffQ[certificate]

True

True

Theorem 2.4

Let A, B, C with Moore-Penrose inverses AT, CT and let M = AB C. Furthermore, let B be such that
Q=CCTBAT Aexists and let P= AT ABCC'. Then, the following are equivalent:

i) M is Moore-Penrose invertible and M' = CT B AT;

iv) Q e P{1}, R(A* A P) € R(Q"), and R(C C* P*) 2 R(Q);

v) CT B AT is left *-cancellable, PQ = (P Q)?, R(A* AP) c R(Q*), and R(C C* P*) 2 R(Q);

vi) Q € P{2}, R(A* AP) € R(Q*), and R(C C* P*) 2 R(Q);

Infe]:=

Infe]:=

Q = {{a, 3, 4}, {adj[a], 4, 3}, {aa, 4, 3}, {adj[aa], 3, 4},

{b, 2, 3}, {adj[b], 3, 2}, {bb, 3, 2}, {adj[bb], 2, 3},
{c, 1, 2}, {adj[c], 2, 1}, {cc, 2, 1}, {adj[cc], 1, 2},
{u, 3, 3}, {adj[u]l, 3, 3},

{v, 2, 2}, {adj[v], 2, 2}, {z, 4, 4}, {adj[z], 4, 4}};

PinvA
PinvC

Pinv[a, aal;
Pinv[c, cc];

P = aa*xaxxbxxcx*xcc;

q = C*xCCx*bbxxaaxxaj;

m=axxbxxc;

rangeInclusions = {adj[q] **Vv-adj[a] xxa*xp, Cxxadj[c] xxadj[p] *x*xu-q};

condl
cond4
cond5
cond6

Pinv[m, cc xx bb xx aa];
{P**q*xxp-p};
{(P**Qxxp*xq-p*xq};
{q**pxxq-q};

| 9
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adj[bb] *x adj[cc] ** cCc *x bb xx aa xx a;

In[-]:= Uy

Vi adj[b] *xadj[a] ** a*xb x%x Cc x% cC}

rangeInclusionsGoal = {
adj[a] **a*xxp-adj[q] **Vv;,
q-cxxadj[c] **xadj[p] *»*uy};

(i) <==>(iv)

(i) => (iv)

n-= assumptions = Join[PinvA, PinvC, condl] // AddAdj;
certificate = Certify[assumptions,
Join[cond4, rangeInclusionsGoal], Q, MultiLex -» True, MaxDeg - 15] ;
(¥ Check if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === Join[cond4, rangeInclusionsGoal]
IntegerCoeffQ[certificate]

ouf-]= True

ouf-]= True

(iv) => (i)

n-= assumptions = Join[PinvA, PinvC, rangeInclusions, cond4] // AddAdj;
certificate = Certify[assumptions, condl, Q, MultiLex -» True, MaxDeg - 15] ;
(* Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === condl
IntegerCoeffQ[certificate]

ou-]= True

ou-]= True
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(i) <= (v)
(v) =

1= (% First, we show that m = ccxxbbxxaa is an outer inverse of m x)
(» To this end, we show that our assumptions imply that m*m - m*mmm = @
holds and then apply the x-cancellability of m x)
assumptions = Join[PinvA, PinvC, rangeInclusions, cond5] // AddAdj;
claim = {adj[cc xxbb xx aa] x*x cc *x bb xx aa -
adj[cc xx bb xx aa] xx cc *xx bb xx aa**m*x cC xx bb xx aa};
certificatel = Certify[assumptions, claim, Q, MultiLex -» True, MaxDeg -» 15] ;
(* Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificatel === claim
IntegerCoeffQ[certificatel]

ouf-]= True

ouf-]= True

- (* Now, we add the +information that m
is an outer 1inverse of m to our assumptions =x)
(* Then, the rest runs through automatically =)
assumptionsNew =
Append[assumptions, cc *x bb *xx aa-ccxxbb *xaa*xm=x% cc xx bb xx aa] // AddAdj;
certificate = Certify[assumptionsNew, condl, Q, MultiLex » True, MaxDeg -» 15];
(¥ Check if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === condl
IntegerCoeffQ[certificate]

ouf-]= True

ouf-]= True
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Infe]:=

Outf+]=

Outf+]=

(i)

Infe]:=

Outf+]=

Outf+]=

Infe]:=

(i) => (v)

(» Here, we have to add the -information about =x

-cancellability to the assumptions and the claimed properties =x)
assumptionCancel = {adj[cc ** bb xx aa] **x cc xx bb xxaa*x z};
claimCancel = {ccxxbbxxaax*xz};
assumptions = Join[PinvA, PinvC, condl, assumptionCancel] // AddAdj;
certificate

Certify[assumptions, Join[claimCancel, cond5, rangeInclusionsGoal],
Q, MultiLex - True, MaxDeg - 15];

(* Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === Join[claimCancel, cond5, rangeInclusionsGoal]

IntegerCoeffQ[certificate]

True

True
<=> (vi)

(i) => (vi)

assumptions = Join[PinvA, PinvC, condl] // AddAdj;
certificate = Certify[assumptions,
Join[cond6, rangeInclusionsGoal], Q, MultiLex - True, MaxDeg - 15];
(* Check if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === Join[cond6, rangeInclusionsGoal]

IntegerCoeffQ[certificate]

True

True

(vi) => (i)

assumptions = Join[PinvA, PinvC, rangeInclusions, cond6] // AddAdj;
certificate = Certify[assumptions, condl, Q, MultiLex -» True, MaxDeg - 15];

(* Check if certificate is correct and only contains integer coefficients x)

MultiplyOut /@ certificate === condl
IntegerCoeffQ[certificate]



Outf«]=

Outf«]=

True

True

Theorem 2.6

In[«]:=

Infe]:=

Infe]:=

Let A, B, C with Moore-Penrose inverses AT, CT and let M = AB C. Furthermore, let B be such that
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Q=CCTBAT Aexists and let P= AT ABCC'. Then, the following are equivalent:

i) M is Moore-Penrose invertible and M' = CT B AT;
iv) Q e P{1}, R(A* AP) 2 R(Q*), and R(C C* P*) 2 R(Q);
vi) Q e P{2}, R(A* AP) € R(Q*), and R(C C* P*) < R(Q);

Q = {{a, 3, 4}, {adj[a], 4, 3}, {aa, 4, 3}, {adj[aa]l, 3, 4},
{b, 2, 3}, {adj[b], 3, 2}, {bb, 3, 2}, {adj[bb], 2, 3},
{c, 1, 2}, {adj[c], 2, 1}, {cc, 2, 1}, {adj[cc], 1, 2},
{u, 3, 3}, {adj[u], 3, 3}, {v, 2, 2}, {adj[Vv], 2, 2}};

PinvA = Pinv[a, aa]l;
PinvC = Pinv[c, cc];

p = aa*xax*xxbxxc*xcc;
q = C*xCCx*bbxxaaxxaj;
m= axxbxxc;y

condl = Pinv[m, cc *x bb xx aa];

cond4 = {pxxqx*xp-p, adj[q] -adj[a]l **xa**xp**xV, Cxxadj[c] »xadj[p] **u-q};

cond6 = {qxxpx**xq-q, adj[q] **v -adj[a] **xa*xp, Cxxadj[c] »xadj[p] -q=**u};

U; = bxxcxxadj[c] »xadj[b] *xadj[a] »xadj[aa]l;

u, adj[bb] *x adj[cc] **x cC *x bb xx aa *x a;

Vi adj[b] *xadj[a] ** a*xb x%x C x% cC;

V, = bbxx aaxxadj[aa] »x adj[bb] ** adj[cc] »* adj[c];
cond4Goal = {

P**xq**xp-p,

adj[q] -adj[a] **a**xp *x V;,

cxxadj[c] *xadj[p] **u, -q};
cond6Goal = {

q**p**xq-d,

adj[a]l **a*xxp-adj[q] **Vv;,

cxxadj[c] *xadj[p] -qg**u;

}s

| 13
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(i) <=> (v

(i) => (iv)

n-= assumptions = Join[PinvA, PinvC, condl] // AddAdj;
certificate = Certify[assumptions, cond4Goal, Q, MultiLex -» True, MaxDeg - 15];
(* Check if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === cond4Goal
IntegerCoeffQ[certificate]

ouf-]= True

ouf-]= True

(iv) => (i)

= assumptions = Join[PinvA, PinvC, cond4] // AddAdj;
certificate = Certify[assumptions, condl, Q, MultiLex -» True, MaxDeg - 15];
(* Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === condl
IntegerCoeffQ[certificate]

ouf-]= True

ouf-]= True
(i) <=> (vi)

(i) => (vi)

n-= assumptions = Join[PinvA, PinvC, condl] // AddAdj;
certificate = Certify[assumptions, cond6Goal, Q, MultiLex -» True, MaxDeg -» 15] ;
(* Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === cond6Goal
IntegerCoeffQ[certificate]

outf-]= True

outf-]= True
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(vi) => (i)

n-= assumptions = Join[PinvA, PinvC, cond6] // AddAdj;
certificate = Certify[assumptions, condl, Q, MultiLex -» True, MaxDeg - 15] ;
(¥ Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@certificate === condl
IntegerCoeffQ[certificate]

ouf-]= True

ouf-]= True

Theorem 2.7

Let A, B, C with inverses A3 2% and let M= ABC. Let B be such that Q = C C2% B AL23 4
exists and let P = A23 AB C C'Y2%, Furthermore, let ABC be right *-cancellable and let

cth24 B A3 be (eft *-cancellable. Then, the following are equivalent:

i) M is Moore-Penrose invertible and Mt = 124 B 4123},

ii) Q e P{1,2} and both of A* AP Q and Q P C C* are Hermitian;

iii) Q e P{1,2} and both of A*APQand QP C C* are EP;

iv)PQ = (P Q)z, R(A* AP) 2 R(Q*), and R(C C* P*) c R(Q);

v)PQ = (P Q)2, R(A*AP) c R(Q*), and R(C C* P*) 2 R(Q);

= Q = {{a, 3, 4}, {adj[a], 4, 3}, {aa, 4, 3}, {adj[aa], 3, 4},
{b, 2, 3}, {adj[b], 3, 2}, {bb, 3, 2}, {adj[bb], 2, 3},
{c, 1, 2}, {adj[c], 2, 1}, {cc, 2, 1}, {adj[cc], 1, 2},
{u, 3, 3}, {adj[u], 3, 3}, {v, 3, 3}, {adj[v], 3, 3},
{w, 2, 2}, {adj[w], 2, 2}, {s, 2, 2}, {adj[s], 2, 2}};
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1= AInv123 Delete[Pinv[a, aa], {4}];
CInv124 = Delete[Pinv[c, ccl, {3}];

P = @aa*xaxxbxxCx*ccC;

q = c*xCcC*xbbx*xaaxxa;

m=axxbxxc;

PINv12 = {p**xqQ*x*xp-p, q**pP*+*q-q};

condl = Pinv[m, cC xx bb xx aa];

cond2 = {adj[a] **axxp*x*xq-adj[adj[a] **a*xp=*xq],
qx*p*xCxxadj[c] -adj[g*xpxxCcxxadj[c]l]};

cond3 = {adj[a] **axxpx**xq**U - adj[adj[a]l *xxa*x*xp=**xq],
adj[a] **a*xxp*x+xq - adj[adj[a] **a*x*xp**xq] **xV,
qx*p*xCxxadj[c] -adj[gqrxpxxCcxxadj[c]] *xw,
qx*p*xCxxadj[c] »xs-adj[qrxpx*x*xC*xxadj[c]]};

cond4 = {pxxqxxpx*xxq-p**xq, adj[q] -adj[a] *x axxp x*xw,
cxxadj[c] *xadj[p] -q**V};

cond5 = {(pxxq**xpx*xxq-p=**xq, adj[q] **» s -adj[a] xxax=xp,
cxxadj[c] *xadj[p] **»u-q};

U; = bxxcxxadj[c] »xadj[b] *xadj[a] **x adj[aa]l;
u, = adj[bb] *xadj[cc] ** cc *xbb xx aa x* a;
vy = adj[b] *xadj[a] x*axxb xxCc %% ccC;

Vo, = bbxxaaxxadj[aa] »*x adj[bb] »xxadj[cc] »*xadj[c];
cond4Goal = {

Px*xqxxpP*xxq-p*%x(,

adj[q] -adj[a] *xa*x*xp ** V,,

cxxadj[c] *xadj[p] -q**xu;};
cond5Goal = {

Px*xq*xxpP*xxq-p*x(,

adj[a] **axxp-adj[q] ** Vi,

q-cxxadj[c] **xadj[p] **uy};

(i) <=> i)
(i) => (ii)

n-= assumptions = Join[AInv123, CInv124, condl] // AddAdj;
certificate =
Certify[assumptions, Join[PInv1l2, cond2], Q, MultiLex » True, MaxDeg -» 15];
(* Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@certificate === Join[PInv1l2, cond2]
IntegerCoeffQ[certificate]

ou-]= True

ou-]= True
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(i) => (i)
n-]= assumptions = Join[AInv123, CInv124, PInv12, cond2] // AddAdj;

certificate = Certify[assumptions, condl, Q, MultiLex -» True, MaxDeg - 15] ;

(¥ Check 1if certificate is correct and only contains integer coefficients x)

MultiplyOut /@certificate === condl

IntegerCoeffQ[certificate]

ou-]= True

ou-]= True
(ii) <=> (iii)

(i) => (iii)

n-;= (* This trivially holds =)

(iii) => (ii)
n-]= assumptions = Join[AInv123, CInv124, PInv12, cond3] // AddAdj;
certificate =
Certify[assumptions, Join[PInv1l2, cond2], Q, MultiLex » True, MaxDeg -» 15];
(* Check if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === Join[PInv1l2, cond2]
IntegerCoeffQ[certificate]

ouf-]= True

ouf-]= True
(i) <=>(iv)

(i) => (iv)

n-= assumptions = Join[AInv123, CInv124, condl] // AddAdj;
certificate = Certify[assumptions, cond4Goal, Q, MultiLex -» True, MaxDeg - 15];
(* Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@certificate === cond4Goal
IntegerCoeffQ[certificate]

ouf-]= True

outf-]= True
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(iv) => (i)

mn-= (* As in the proof of (v) => (i) of Theorem 2.3,
we show that m = ccxxbbxxaa is an inner inverse of m
using the right x-cancellability of m x)
assumptions = Join[AInv123, CInv124, cond4] // AddAdj;
claim = {m*xadj[m] -mx%cc **bbxxaax*mxxadj[m]};
certificatel = Certify[assumptions, claim, Q, MultiLex -» True, MaxDeg -» 15];
(* Check if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificatel === claim
IntegerCoeffQ[certificatel]

ou-]= True

ou-]= True

1= (* Now, we add the information that m

is an inner inverse of m to our assumptions =)

(* Then, the rest runs through automatically =)
assumptionsNew =

Join[AInv123, CInv124, cond4, {m-m#%* CcC xx bb xxaaxxm}] // AddAdj;

certificate = Certify[assumptionsNew, condl, Q, MultiLex » True, MaxDeg -» 15];
MultiplyOut /@ certificate === condl
IntegerCoeffQ[certificate]

ouf-]= True

ouf-]= True
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(i) <= (v)
()= (v

= assumptions = Join[AInv123, CInv124, condl] // AddAdj;
certificate = Certify[assumptions, cond5Goal, Q, MultiLex -» True, MaxDeg - 15];
(* Check if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === cond5Goal
IntegerCoeffQ[certificate]

ouf-]= True

ouf-]= True

(v) => (i)

n-= (* As 1in the proof of (v) => (i) of Theorem 2.4,

we show that m = ccxxbbxxaa is an outer inverse of m

using the left x-cancellability of m )
assumptions = Join[AInv123, CInv124, cond5] // AddAdj;
claim = {adj[cc xxbb xx aa] x*x cc *x bb xx aa -

adj[cc xx bb xx aa] *x cc *x bb xx aa **m** cC xx bb xx aa};

certificatel = Certify[assumptions, claim, Q, MultiLex -» True, MaxDeg - 15];
(* Check 1if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificatel === claim
IntegerCoeffQ[certificatel]

outf-]= True

outf-]= True

m - (* Now, we add the +information that m
is an outer 1inverse of m to our assumptions =x)
(* Then, the rest runs through automatically =)
assumptionsNew =
Append[assumptions, cc *x bb *xx aa-ccxxbb *xaa*xm=x% cc xxbb xxaa] // AddAdj;
certificate = Certify[assumptionsNew, condl, Q, MultiLex » True, MaxDeg -» 15];
(* Check if certificate is correct and only contains integer coefficients x)
MultiplyOut /@ certificate === condl
IntegerCoeffQ[certificate]
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ouf-]= True

ouf-]= True

Theorem 2.9

To prove Theorem 2.9, the computations of Theorems 2.1, 2.3, 2.4. 2.6 can be adopted.



